Issues raised by W. A. Rodrigues, Jr. are discussed.
Rodrigues('1 asserts that my claim that it is possible to derive by Hamilton's principle both the symmetrized dyality invariant Maxwell's equations and the dyality invariant equations of motion for both electrically and magnetically charged particles,(2) is wrong. In particular, Rodrigues takes issue with my derivation of the forces associated with the cross terms in the equations of motion, i.e., the forces on electric charges due to the fields generated by magnetic charges, and vice versa. Unfortunately, Rodrigues did not follow my argument by which forces associated with the cross terms were obtained; the mathematical development that he presented in his "proof" is not equivalent to the development I employed. Hence, it is not surprising that he was unable to confirm my result. To dispel some of the confusion that Rodrigues has injected into this matter, I repeat my development here with amplifying discussions, detailing essential aspects of it that he overlooked. Reference (2) was evidently too brief on these points.
Submitted to Foundations of Physics Letters.
My development starts with the Lagrangian density where F, 3, and A are generalized electromagnetic quantities expressed as Clifford multivectors in Minkowski spacetime. Gaussian units are used and the notation and equation numbers are those of --_ Ref. (2) . (The * symbol is akin to complex conjugation in that it changes the sign of the 75 of a quantity. 75 is the Clifford unit pseudoscalar. The operation < >S means take the scalar part.) It is shown in Ref. (2) that one can obtain from the fZ of Eq. (76) the symmetrized dyality invariant Maxwell's equations.' To develop my approach to obtain the (desired dyality invariant) generalized equations of motion for both electrically and magnetically charged particles, I first multiply out the generalized interaction term2 -Jd = -(j -&)(A -ii?) = -(jA + j& -j&j -LA) .
(77)
The tilde denotes the dual of the indicated quantity.t21 Thus, k. = 75k. The scalar part of -Jd, which is equal to -j . A -k . M, comprises the standard interaction terms and leads to the proper equations of motion for electrically charged particles in an electromagnetic field3 and for magnetically charged particles in a magnetoelectric field.3 The cross terms in this Lagrangian, from which one wishes to obtain the cross interaction forces, comprise a sum of bivectors and pseudoscalars and do not survive the < >S operation. Hence, the analysis appears to be at an impasse. This situation comes as no surprise to those who are familiar with the history of efforts trying to put the physics of magnetic monopoles on a more secure mathematical foundation, that is, efforts to derive the equations of motion from a variational principle. 4 It was shown over 20 years ago(3~41 that (given certain assumptions) one cannot derive from the same Lagrangian the dyality invariant Maxwell's equations and the equations of motion of electrically and magnetically charged particles. There are also more recent discussions.(5-7) In spite of these proofs, numerous efforts to construct suitable Lagrangians have been made. One approach is to diversify the functional form of the Lagrangian by augmenting the supply of vectors beyond the usual current and the vector potential. For example, in addition to these, the coordinate vector(3y81 and the unit vector ('1 have been employed. However, all these approaches have encountered difficulties of one sort or another. There is also a more recent paper 00) on this topic, using Clifford algebra, but it too has difficulties.(2*'11 In fact, even Rodrigues(') now concedes that there are flaws in Ref. (10) . Extensive reviews of these efforts and their difficulties have been published. (12) The reiteration of this problem, which was already pointed out in Ref. (2), is the essence of the Rodrigues comment. On the other hand, it seemed evident to me that, if one wished to proceed and utilize these cross terms, something new would be necessary. Rodrigues ignored or misconstrued the new aspects introduced in Ref. (2) .
In order to find this something new, I explored the surfaceintegral form of the variation of the action associated with the standard interaction terms of Srs. (Since Rodrigues does not dispute the use of the surface-integral formulation for finding the variation of the action associated with an incremental variation in path, described by 6zV, I do not repeat that argument here. When the type of multiplication between the factors in the terms is specified, as in Eqs. (78a-78b) , the resulting expression is already a Clifford scalar, which, of course, is suitable for determining the equations of motion. When the more general Clifford or geometric product is used in Eq. (78c), e.g.', dad, additional bivector and pseudoscalar terms arise, but such terms are not of interest for the derivation of the (usual) equations of motion and are discarded by employing the < >s operation. Thus, Eq. (78~) is still mathematically equivalent to the usual line integral formulation.
It is important to observe that Eq. (78b) incorporates a conceptual extension to the usual formulation of the variation of the action. The variation of the action as expressed in Eq. (78b) is no longer just the difference between the action along the displaced path and that --_ along the equilibrium path; it involves the functional form of the potentials on an arbitrary (incremental) surface area spanning the loop defined by the two paths. That is, using this surface integral formulation, the values of the potentials in the entire incremental region in the vicinity of the equilibrium path simultaneously contribute to the variation of the action. Of course, the location of the displaced path as defined by 6s" still precisely determines via Eq. (78b) the S,Sl,. While this step is not controversial because Eq. (78b) is mathematitally equivalent to the usual line integral formulation, it leads one in a natural way to the next conceptual extension of S,Sl. It is the more general form of &SI, given by Eq. (78~) that is key to the development shown in Ref.
- (2) . The crucial step is the assertion that it is appropriate to view Eq. In deference to Rodrigues, in Eq. (81') I have changed the notation for the variation operator from 6, to 6, (hence, the prime on the equation number) to indicate that there is something new here.
It is straightforward, as was demonstrated in Ref. (2), to show that the usual condition for an extremum, &(S, + Sp) = 0, where Sp is the action for the particle, indeed leads to the desired generalized dyality invariant equations of motion for electrically and magnetically charged particles in any combination of electromagnetic and magnetoelectric fields.
In order to understand how this new result is achieved, in spite of the proofs to the contrary, I first note that the scope of the Lagrangian builder's license has been extended to include &Sr as well as SI; in going from Eq. (76) to Eq. (81') the scalar assumption for the Lagrangian has been tacitly shifted from Sl to &SI. While this is a weaker form of the scalar assumption, we see that no damage has been done to the final result because although all of the relevant terms of Sl are not scalars, Sl is written in covariant form and the resulting equations of motion derived from &S = 0 are Lorentz invariant, which --was the main motivation for assuming a scalar S in the first place.
The next observation is to note that Clifford algebra pointed to a new way of combining the vectors we already have, obviating the need to look for new vectors. In Eq. (81') we are effectively combining into one equation Eq. (78b) for S,Sl, and its analog
for the cross interaction. It is of course reasonable for (da . a) . (eA + gM) of Eq. (78b) to re -present the standard interaction terms; this expression is mathematically equivalent-to the usual line integral formulation for the vector . vector interaction (j -A+k-M). Examination of Eq. (81') reveals that for the cross terms, it is the bilinear combinations j . & + i. A that contribute the scalar terms to &,!?I, and hence the force terms describing the cross interactions. These terms are of the form vector . pseudovector, which in space-time algebra yields bivectors, not scalars. But these terms yield suitable scalars when one forms &SI using the surface integral formulation in the context of the weaker form of the scalar assumption. The vectors that enable this result are the a and the 6x (which is subsumed in the do). From a geometric point of view a new Lagrangian representation of the relationship between a current and a potential is now possible.
This development has the merit that the appropriate scalar terms associated with the cross interaction in the variation of the action as given by Eq. (81') appear in a natural way. It is a further benefit that Clifford algebra furnishes a mathematically uniform way of treating the standard terms and cross terms. Equation (81') prescribes that first the indicated geometric products are taken and then only the scalar parts are kept. In effect, Eq. (81') becomes the basis for a more general definition for the operation of finding the variation of the action for generalized electromagnetism. Being more general, this new definition is not equivalent to the usual line integral formulation, in particular for the cross terms. Thus, the something new alluded to in Ref. (2) can be considered to be a newly defined variation operator 6,) or the view that Hamilton's principle in this case is appropriately defined directly in terms of the variation of the action rather than the action itself.
In conclusion, Nature is the ultimate authority in all efforts --to develop physical theories. After all, Lagrangian building can be viewed (15) as an experimental science.7 The criterion for the usefulness of a given Lagrangian, or action, is the suitability of the equations of motion that are derived from it. Application of this criterion to &SI leads one to the conclusion that the development in Ref. (2) evidently is an appropriate approach. If, when magnetic monopoles are discovered, it turns out that these dyality invariant equations of motion correctly describe monopole physics, then the fact that they are derived by this strategem substantiates the assertion that the use of the geometric product in the surface integral formulation enables one to describe more comprehensively interactions between electric and ,-magnetic charge currents and their vector potentials. This would also be an important impetus to seriously investigate further the physics implications of this mathematical description of monopoles. On the other hand, if monopoles are found and they do not exhibit any cross interactions, as contemplated in the model of Gomay, then this approach must be abandoned. Until monopoles are found the question is moot.
